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What	
  is	
  Needed	
  from	
  TMD-­‐
Factoriza<on?	
  

•  qT-­‐distribu<on	
  calculable	
  in	
  pQCD	
  (small	
  coupling	
  and	
  finite	
  coefficients)	
  
for	
  all	
  qT.	
  

•  TMD	
  PDFs	
  describing	
  intrinsic	
  proper<es	
  of	
  hadrons	
  at	
  low	
  qT.	
  	
  	
  
–  Hard	
  part	
  calculable	
  at	
  qT	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  0.	
  

	
  
•  TMD	
  PDFs	
  separately	
  well-­‐defined	
  with:	
  

–  Universality	
  (akin	
  to	
  collinear	
  PDFs)	
  or,	
  
–  Non-­‐Universality	
  predicted	
  by	
  factoriza<on	
  deriva<on	
  (e.g.,	
  Sivers	
  sign	
  flip)	
  &,	
  
–  Calculable	
  Non-­‐Universality	
  from	
  Evolu<on	
  (evolu<on	
  equa<ons).	
  

	
  
•  Maximum	
  perturba<ve	
  input:	
  

–  Transverse	
  momentum	
  dependence	
  calculable	
  using	
  collinear	
  factoriza<on	
  at	
  
intermediate	
  qT.	
  

–  Match	
  to	
  totally	
  collinear	
  factoriza<on	
  descrip<on	
  at	
  large	
  qT.	
  
	
  

•  Error	
  is	
  Λ/Q	
  suppressed	
  point-­‐by-­‐point	
  over	
  full	
  range	
  of	
  qT.	
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What	
  is	
  Needed	
  from	
  TMD-­‐
Factoriza<on?	
  

•  qT-­‐distribu<on	
  calculable	
  in	
  pQCD	
  (small	
  coupling	
  and	
  finite	
  coefficients)	
  
for	
  all	
  qT.	
  

•  TMD	
  PDFs	
  describing	
  intrinsic	
  proper<es	
  of	
  hadrons	
  at	
  low	
  qT.	
  	
  	
  
–  Hard	
  part	
  calculable	
  at	
  qT	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  0.	
  

	
  
•  TMD	
  PDFs	
  separately	
  well-­‐defined	
  with:	
  

–  Universality	
  (akin	
  to	
  collinear	
  PDFs)	
  or,	
  
–  Non-­‐Universality	
  predicted	
  by	
  factoriza<on	
  deriva<on	
  (e.g.,	
  Sivers	
  sign	
  flip)	
  &,	
  
–  Calculable	
  Non-­‐Universality	
  from	
  Evolu<on	
  (evolu<on	
  equa<ons).	
  

	
  
•  Maximum	
  perturba<ve	
  input:	
  

–  Transverse	
  momentum	
  dependence	
  calculable	
  using	
  collinear	
  factoriza<on	
  at	
  
intermediate	
  qT.	
  

–  Match	
  to	
  totally	
  collinear	
  factoriza<on	
  descrip<on	
  at	
  large	
  qT.	
  
	
  

•  Error	
  is	
  Λ/Q	
  suppressed	
  point-­‐by-­‐point	
  over	
  full	
  range	
  of	
  qT.	
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What	
  is	
  Needed	
  from	
  TMD-­‐
Factoriza<on?	
  

•  qT-­‐distribu<on	
  calculable	
  in	
  pQCD	
  (small	
  coupling	
  and	
  finite	
  coefficients)	
  
for	
  all	
  qT.	
  

•  TMD	
  PDFs	
  describing	
  intrinsic	
  proper<es	
  of	
  hadrons	
  at	
  low	
  qT.	
  	
  	
  
–  Hard	
  part	
  calculable	
  at	
  qT	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  0.	
  

	
  
•  TMD	
  PDFs	
  separately	
  well-­‐defined	
  with:	
  

–  Universality	
  (akin	
  to	
  collinear	
  PDFs)	
  or,	
  
–  Non-­‐Universality	
  predicted	
  by	
  factoriza<on	
  deriva<on	
  (e.g.,	
  Sivers	
  sign	
  flip)	
  &,	
  
–  Calculable	
  Non-­‐Universality	
  from	
  Evolu<on	
  (evolu<on	
  equa<ons).	
  

	
  
•  Maximum	
  perturba<ve	
  input:	
  

–  Transverse	
  momentum	
  dependence	
  calculable	
  using	
  collinear	
  factoriza<on	
  at	
  
intermediate	
  qT.	
  

–  Match	
  to	
  totally	
  collinear	
  factoriza<on	
  descrip<on	
  at	
  large	
  qT.	
  
	
  

•  Error	
  is	
  Λ/Q	
  suppressed	
  point-­‐by-­‐point	
  over	
  full	
  range	
  of	
  qT.	
  



Defini<ons:	
  Gauge Links/Wilson Lines

• Integrated PDF:

• TMD PDF:
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TMD PDFs: Gauge Links/Wilson Lines
• Paths of Wilson lines in coordinate space:

+_
w−

+
_ ∞

w−,w
t

Standard (Integrated) Unintegrated First Try 

w−,w
t

Unintegrated “tilted” Wilson lines 

∞_ +

Tilt to regulate
rapidity divergences
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Defini<ons:	
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TMD PDF, Complete Definition:
Ff/P (x, b;µ; ζF ) =

+∞

−∞

−∞

+∞

ys

ys

−∞

“Unsubtracted”

Implements Subtractions/Cancellations

ζF = 2M
2
px

2e2(yP−ys)

From Foundations of Perturbative QCD, J.C. Collins,
(See also, Collins, TMD 2010 Trento Workshop)

Defini<ons:	
  
(Dictated	
  by	
  factoriza@on	
  requirements)	
  

(UV	
  and	
  rapidity	
  	
  
renormaliza@on	
  needed)	
  

(Collins	
  (2011),	
  chapt.	
  13)	
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Understanding the Definition:
• Start with only the hard part factorized:

• Separate soft part:

• Multiply by:

• Rearrange factors:
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  Root	
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Understanding the Definition:
• Start with only the hard part factorized:

• Separate soft part:

• Multiply by:

• Rearrange factors:

Origin	
  of	
  Square	
  Root	
  



Origin	
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  Square	
  Root	
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Understanding the Definition:
• Start with only the hard part factorized:

• Separate soft part:

• Multiply by:

• Rearrange factors:

Origin	
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Understanding the Definition:
• Start with only the hard part factorized:

• Separate soft part:

• Multiply by:

• Rearrange factors:

Origin	
  of	
  Square	
  Root	
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Understanding the Definition:
• Start with only the hard part factorized:

• Separate soft part:

• Multiply by:

• Rearrange factors:

Origin	
  of	
  Square	
  Root	
  

Separately  
well-defined 
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TMD PDF, Complete Definition:
Ff/P (x, b;µ; ζF ) =

+∞

−∞

−∞

+∞

ys

ys

−∞

“Unsubtracted”

Implements Subtractions/Cancellations

ζF = 2M
2
px

2e2(yP−ys)

From Foundations of Perturbative QCD, J.C. Collins,
(See also, Collins, TMD 2010 Trento Workshop)

Defini<ons:	
  
(Dictated	
  by	
  factoriza@on	
  requirements)	
  

(UV	
  and	
  rapidity	
  	
  
renormaliza@on	
  needed)	
  

(Collins	
  (2011),	
  chapt.	
  13)	
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• Collins-Soper Equation:

–

• RG:

–

–

Evolution

∂ ln F̃ (x, bT , µ, ζ)

∂ ln
√
ζ

= K̃(bT ;µ)

dK̃

d lnµ
= −γK(g(µ))

d ln F̃ (x, bT ;µ, ζ)

d lnµ
= −γF (g(µ); ζ/µ2)

K̃(bT ;µ) =
1

2

∂

∂yn
ln
S̃(bT ; yn,−∞)
S̃(bT ; +∞, yn)

Perturbatively 
calculable, from 
definitions

Perturbatively 
calculable from 
definition at small b.
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Unambiguous Hard Part
• Definition:

• Drell-Yan:

• SIDIS
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2|µν =

e2f |H
2
0 |
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1 +

CFαs

π


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2
ln

Q2/µ2


−
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2
ln2

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
− 4 +

π2

2
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+ O(α2s)

|Hf (Q; µ/Q)
2|µν =

e2f |H
2
0 |
µν
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π


3

2
ln
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
−
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2
ln2

Q2/µ2


− 4


+ O(α2s)

(MS)

|Hf (Q;µ/Q)2|µν =
Wµν

Ff/P1 ⊗ Ff/P2

•  No	
  ys	
  in	
  hard	
  part.	
  

•  Pert.	
  theory	
  	
  with:	
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• Collins-Soper Equation:

–

• RG:

–

–

Evolution

∂ ln F̃ (x, bT , µ, ζ)

∂ ln
√
ζ

= K̃(bT ;µ)

dK̃

d lnµ
= −γK(g(µ))

d ln F̃ (x, bT ;µ, ζ)

d lnµ
= −γF (g(µ); ζ/µ2)

K̃(bT ;µ) =
1

2

∂

∂yn
ln
S̃(bT ; yn,−∞)
S̃(bT ; +∞, yn)

Perturbatively 
calculable, from 
definitions

Perturbatively 
calculable from 
definition at small b.
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One	
  physical	
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  for	
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  requirements	
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(Landry,	
  et	
  al.,	
  (2003)	
  
(Schweitzer	
  et	
  al,	
  (2010))	
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FIG. 1: (Color online.) The (negative of the) up quark Sivers function at x = 0.1 evolved from Q =
√
2.4 GeV(solid maroon)

to Q = 5 GeV(dashed blue) and Q = 91.19 GeV(dot-dashed red). The upper plot is found by evolving the Gaussian fits of
the Bochum group [14] and the lower plot is found by evolving the Gaussian fits of the Torino group [15]. In the case of the
Bochum fits, the down quark Sivers function is just the negative of the up quark one. For the Torino fits, the down quark
Sivers function is obtained by multiplying the up quark Sivers function by −1.35. These functions acquire an overall reversal
of sign if used in Drell-Yan.

lattice QCD calculations [48] can aid in providing mean-
ingful parametrizations of the nonperturbative input over
the whole of phase space and open up interesting ques-
tions regarding the matching of purely nonperturbative
descriptions of the Sivers function to pQCD.

C. Evolved Gaussian Parametrizations

Figure 1 suggests that, apart from the tail at large
kT , the Sivers function continues to be well described by
a Gaussian shape, even after evolution to large Q. To
describe the evolution of a purely Gaussian parametriza-
tion, with the x and kT dependence factorized, requires
only a specification of the scale dependence of the Gaus-
sian parameters. This saves having to directly calculate
Eq. (44), and its transformation to momentum space,
separately for each value of Q and x. Because of the
general convenience of working with Gaussian functions,
we have obtained Gaussian fits for a range of Q starting
at Q =

√
2.4 GeV for the Bochum and Torino fits up

to Q = 90 GeV. The fits are obtained using the Wol-
fram Mathematica 7 FindFit routine, and examples
are shown as the dashed curves in Fig. 2. A table of the
resulting values for the Gaussian parameters is shown in
Table I. (Fortran, C++, and Wolfram Mathematica

7 code that produce evolved Gaussian fits is available

at [49].)

In Fig. 2, we illustrate the quality of the Gaussian
fits to the Sivers function at intermediate and large
Q (Q = 5 GeV and 91.19 GeV, respectively). In
practice, the Sivers effect is often probed via observ-
ables like Eq. (52), so we have plotted the integrand,
−2πk3TF

⊥ up
1T (x, kT ;µ,Q). Note that, after the evolution

to large Q, the −2πk3TF
⊥ up
1T (x, kT ;µ,Q) acquires a very

broad tail for both the Bochum and Torino fits. The
tail falls off slowly; for Q = 91.19 GeV, the ratio of the
value of the Bochum fit at kT = 10 GeV to the value at
kT = 5 GeV is about 0.65. This is roughly consistent
with the 1/kT fall-off at large kT that is expected from
the power counting arguments in Sec. III C. The last two
columns in Table I show the values of kT where the ra-
tio of the Gaussian fits to the original Sivers functions
is 0.8. That is, above kTorinoT,max (GeV) the Gaussian fits to
the evolved Torino Sivers function drop to less than 0.8
of the original evolved Sivers function and similarly for
kBochum
T,max .

That the description at small kT remains Gaussian is
not entirely surprising given that the input we use for
the nonperturbative evolution is Gaussian (gK(bT ) ∝ b2).
However, it should be emphasized that the perturbative
contribution to evolution results in a substantial modifi-
cation of the shape and normalization of the TMD PDF,

(Aybat,	
  Collins,	
  Qiu,	
  TCR	
  	
  (2011))	
  
(Anselmino	
  et	
  al.,	
  (2009)	
  
(Schweitzer	
  et	
  a.l,	
  (2006))	
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FIG. 1: Comparison between HERMES [27] and preliminary COMPASS data [28] for the (a.) z and (b.) Ph⊥ dependence of
Eq. (3) with a proton target and π+ and h+ as final state hadrons respectively. The solid line is the fit from Ref. [22]. The
dashed curve is the result of evolving to the COMPASS scale using the full TMD-evolution of Ref. [16].

Analysis and Discussion: As input distributions,
we use the already existing Gaussian parametrizations of
the Torino group [22], relevant for low 〈Q2〉Hermes # 2.4
GeV2 and typical for the HERMES experiment. These
earlier fixed scale fits were done at leading order in QCD
and neglecting the QCD evolution of the TMDs, which
was not available at that time. We note that the anal-
ysis of Ref. [22] also uses deuteron data [32] from the
COMPASS experiment, which corresponds to higher val-
ues of Q2. However, the COMPASS asymmetry [32] on
the deuteron target is very small due to strong cancel-
lations between the up and down quark Sivers functions
and thus is not heavily affected by the evolution. We
have verified that the results of the Torino fits are negli-
gibly altered if the deuterium data are excluded and only
HERMES data [27] are used in the fit, and the main re-
sult of our present analysis is not affected.

Our calculations will follow the steps of Ref. [16]. For
gK , we use the functional form gK = 1

2g2b
2
T with g2 =

0.68 GeV2 [33], which was obtained by fits performed
using Drell-Yan data. In Eq. (4), this corresponds to
using C1 = 1.123 and bmax = 0.5 GeV−1. All anomalous
dimensions and K̃ are calculated to lowest non-vanishing
order as in Refs. [14, 15].

In Fig. 1(a,b), we show the evolution using the full
TMD-factorization approach as expressed in Eq. (4),
where the evolution is due to the terms in the expo-
nential. The evolution is applied to the most recent
Torino fits [22] as a function z and Ph⊥ , and use
hard scales corresponding to both HERMES data [27]
and recent preliminary COMPASS data [28]. The re-
sult of the evolution is compared with the data. The
x-dependent asymmetry is not ideal for the comparison
because there are strong correlations between x and Q2.
(Recall Q2 # xys.) However, z or Ph⊥ dependent asym-
metries are measured at almost the same hard scales,

namely 〈Q2〉Hermes # 2.4 GeV2 and 〈Q2〉COMPASS # 3.8
GeV2, so we focus on the Sivers asymmetry as a func-
tion of these variables. (For the preliminary h+ COM-
PASS data that we use, 〈Q2〉 varies between 3.63 GeV2

and 3.88 GeV2, in the range of z from 0.2 to 0.7. The
corresponding variation in our calculation is negligible
relative to the variation between the HERMES and pre-
liminary COMPASS data sets.) We observe that includ-
ing QCD evolution leads to excellent consistency between
the HERMES [27] and preliminary COMPASS data [28],
without the need for further fitting. The two data sets
correspond to different ranges in x, and this could be
partly responsible for the variation. A similarly fast evo-
lution has not been seen so far in the Collins Single Spin
Asymmetry [28, 34], suggesting a more complicated in-
terplay between bT , x and z dependence. We leave a
careful consideration of these issues to future studies.
Nevertheless, we find the early success of the compari-
son in Fig. (1) encouraging, especially as leading order
fits [19, 21, 22] fail to reproduce COMPASS proton data
[28] sufficiently well. Still, we caution that future fits will
need to account for the x-dependence as well.

A critical point is that the information about the non-
perturbative evolution contained in gK is taken from the
measurement of a totally different observable, at much
higher energy scales [33] (unpolarized Drell-Yan scatter-
ing up to Tevatron energies). In Fig. 1(b) we show a
similar plot but for the Ph⊥ dependence. That the same
gK successfully describes TSSA at HERMES and COM-
PASS is compelling evidence for the universality of gK
predicted by the TMD-factorization theorem.

In Fig. 2, we show the evolution of the full asymmetry
to higher values of Q2. Note that, although Refs. [15, 16]
report a strong suppression of the unpolarized TMDs and
the Sivers function itself with increasing Q2, the TSSA is
not as heavily suppressed. Therefore, it may be expected

(Aybat,	
  Prokudin,	
  TCR	
  (2011))	
  
(COMPASS,	
  (2011)	
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Agenda:

• Improve fits.  Combine SIDIS, DY, e+e- in global fit.  
Extend to higher orders. Gaussian fits.

• Extend to polarization dependent functions (Sivers, Boer-
Mulders, etc…).

• TMD gluon distribution. 

• Factorization breaking??

• Updates to appear at:
https://projects.hepforge.org/tmd/

(CSS	
  formalism.)	
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•  Fixed	
  scale.	
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  rules.	
  

	
  
•  Lowest	
  order	
  evolu<on:	
  

	
  
	
  

	
  
	
  
	
  
	
  
	
  
	
  
•  Spin	
  dep.	
  

	
  
•  Direct	
  fiang	
  in	
  coordinate	
  space.	
  

	
  
•  Other	
  current	
  fiang	
  ac<vity:	
  

(M.	
  Anselmino,	
  M.	
  Boglione,	
  S.	
  Melis	
  (2012))	
  

(Torino-­‐JLab	
  group:	
  	
  A.	
  Prokudin,	
  S.	
  Melis,…)	
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FIG. 5: The results obtained from the TMD-evolution fit (left panel) and from the DGLAP-evolution fit (right panel)

of the SIDIS Asin (�h��S)
UT

Sivers asymmetries (red, solid lines) are compared with the HERMES experimental data [11]
for charged and neutral pion production. The shaded area corresponds to the statistical uncertainty of the parameters,
see Appendix A of Ref. [5] for further details.
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FIG. 6: The results obtained from the TMD-evolution fit (left panel) and from the DGLAP-evolution fit (right panel) of

the SIDIS Asin (�h��S)
UT

Sivers asymmetries (red, solid lines) are compared with the COMPASS-p experimental data [12]
for charged hadron production. The shaded area corresponds to the statistical uncertainty of the parameters, see
Appendix A of Ref. [5] for further details.

case for the almost static collinear DGLAP evolution. Thus, in order to fit the same data at Q2 bins ranging from
1.3 to 20.5 GeV2, the TMD evolving Sivers functions must start from higher values at Q

0

= 1 GeV. The Sivers
distributions previously extracted, with the DGLAP evolution, in Refs. [5, 13] were given at Q2 = 2.4 GeV2;
one should notice that if we TMD evolve the Sivers distributions on the left side of Fig. 7 up to Q2 = 2.4 GeV2

we would obtain a result very close to that of Refs. [5, 13] (and to that of the right side of Fig. 7).

III. CONCLUSIONS AND FURTHER REMARKS

We have addressed the issue of testing whether or not the recently proposed Q2 evolution of the TMDs
(TMD-evolution) can already be observed in the available SIDIS data on the Sivers asymmetry. It is a first
crucial step towards the implementation, based on the TMD-evolution equations of Refs. [7–9], of a consistent

(A.	
  Bacche_a,	
  M.	
  Radici	
  (2012))	
  

(Z.-­‐B.	
  Kang,J.-­‐W.	
  Qiu	
  (2012))	
  

(Boer,Gamberg,Musch,Prokudin	
  (2011))	
  



Tes<ng/Using	
  TMD-­‐Factoriza<on	
  
•  New	
  fiang	
  projects,	
  analogous	
  to	
  collinear	
  case.	
  

	
  
•  Key	
  issue:	
  	
  Maximum	
  amount	
  of	
  data,	
  maximum	
  variety	
  of	
  processes.	
  

–  Cyclic	
  process	
  of	
  fiang	
  and	
  predic<ng.	
  	
  Analogous	
  to	
  collinear	
  factoriza<on.	
  
•  Much	
  already	
  available:	
  

–  DY,	
  Z/W	
  in	
  pp,	
  pA	
  
–  DY,Z/W	
  in	
  pp	
  
–  SIDIS	
  
–  e+	
  e-­‐	
  	
  to	
  back-­‐to-­‐back	
  hadrons.	
  

	
  
	
  

•  Isolate	
  interes<ng	
  non-­‐perturba<ve	
  contribu<ons.	
  	
  	
  
–  E.g.,	
  compare	
  intrinsic	
  transverse	
  momentum	
  of	
  sea	
  and	
  valence	
  quarks.	
  	
  

	
  
	
  

–  Extrac<on	
  of	
  model	
  parameters.	
  
	
  

•  Comparing	
  alterna<ve	
  TMD	
  formalisms	
  (e.g.	
  SCET,	
  small-­‐x,	
  etc.)	
  
–  What	
  are	
  the	
  dis<nc<ve	
  different	
  phenomenological	
  predic<ons?	
  	
  
–  What	
  is	
  predicted	
  to	
  be	
  universal	
  vs.	
  non-­‐universal?	
  

(E.g.,	
  Compare	
  unpolarized	
  pp	
  and	
  pp.)	
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B. Step 2: Core and Tail of Ff/p1(x1

,kt;µ⇤(kt), ⇣F )

We similarly write Ff/p1
(x

1

,kt;µ⇤(kt), ⇣F ) as a sum of two parts:

Ff/p1
(x

1

,kt;µ, ⇣F ) ⌘ F

Tail

f/p1
(x

1

,kt;µ, ⇣F ) + F

Core

f/p1
(x

1

,kt;µ, ⇣F ) . (21)

where F

Core

f/p1
(x

1

,kt;µ, ⇣F ) is defined to be a solution to the equation:
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so that, from Eq. (20), FTail

f/p1
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1

,kt;µ⇤(kt), ⇣F ) obeys
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We have reformulated Eq. (20) as a pair of coupled partial integro-di↵erential equations, the advantage of this being
that general solutions to Eq. (23) for F

Tail

f/p1
(x, kt;µ⇤(kt), ⇣F ) in terms of FTail

f/p1
(x, kt;µ⇤(kt), µ⇤(kt)2), are relatively

easy to determine. They can then be used in Eq. (22) to obtain an evolution equation purely for FCore

f/p1
(x

1

,kt;µ, ⇣F ).

Since we plan to calculate the large kt behavior of Ff/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)2) directly from perturbative QCD
with small ↵s(µ⇤(kt)), we look for solutions that obey the boundary conditions,

F
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2) !F

Coll

f/p1
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1
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2) For kt ⇠ Q (24)

F

Core
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2) !0 For kt ⇠ Q (25)
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2) !0 For kt . kt,min (26)
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where F

Coll

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)2) is the TMD PDF calculated to a given order of perturbation theory in collinear
factorization. It depends only on the collinear PDFs and finite coe�cient functions that do not contain any large
logarithms in either the large Q or the large kt limits. We impose Eqs. (24-27) by writing F

Tail

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)2)
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where ⌅F (kt/km) is a scale-independent function that approaches one for kt & km and rapidly approaches zero for
kt . km. Then from Eq. (21),

F
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2) , (29)

and the boundary conditions in Eqs. (24-27) are satisfied.
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B. Step 2: Core and Tail of Ff/p1(x1

,kt;µ⇤(kt), ⇣F )

We similarly write Ff/p1
(x

1

,kt;µ⇤(kt), ⇣F ) as a sum of two parts:

Ff/p1
(x

1

,kt;µ, ⇣F ) ⌘ F

Tail

f/p1
(x

1

,kt;µ, ⇣F ) + F

Core

f/p1
(x

1

,kt;µ, ⇣F ) . (21)

where F

Core

f/p1
(x

1

,kt;µ, ⇣F ) is defined to be a solution to the equation:

@F

Core

f/p1
(x, kt;µ, ⇣F )

@ ln
p
⇣F

=

Z
d

2qt KPmdl

(qt, µ⇤(qt))F
Core

f/p1
(x

1

, |kt � qt|;µ⇤(|kt � qt|), ⇣F ) exp
(Z µ

µ⇤(|kt�qt|)

dµ

0

µ

0 �F (g(µ
0); ⇣F /µ

02)

)

+

Z
d

2qt KPmdl

(qt, µ⇤(qt))F
Tail

f/p1
(x

1

, |kt � qt|;µ⇤(|kt � qt|), ⇣F ) exp
(Z µ

µ⇤(|kt�qt|)

dµ

0

µ

0 �F (g(µ
0); ⇣F /µ

02)

)

+

Z
d

2qt KPert

(qt, µ⇤(kt))⌅K(qt/km)FTail

f/p1
(x

1

, |kt � qt|;µ⇤(|kt � qt|), ⇣F ) exp
(Z µ

µ⇤(|kt�qt|)

dµ

0

µ

0 �F (g(µ
0); ⇣F /µ

02)

)

�
 Z µ

µ⇤(km)

dµ

0

µ

0 �K(g(µ0))

!
exp

(Z µ

µ⇤(kt)

dµ

0

µ

0 �F (g(µ
0); ⇣F /µ

02)

)
F

Core

f/p1
(x

1

,kt;µ, ⇣F ) , (22)

so that, from Eq. (20), FTail

f/p1
(x

1

,kt;µ⇤(kt), ⇣F ) obeys

@F

Tail

f/p1
(x, kt;µ, ⇣F )

@ ln
p
⇣F

=

Z
d

2qt KPert

(qt, µ⇤(qt))⌅K(qt/km)FCore

f/p1
(x

1

, |kt � qt|;µ⇤(|kt � qt|), ⇣F ) exp
(Z µ

µ⇤(|kt�qt|)

dµ

0

µ

0 �F (g(µ
0); ⇣F /µ

02)

)

�
 Z µ

µ⇤(km)

dµ

0

µ

0 �K(g(µ0))

!
exp

(Z µ

µ⇤(kt)

dµ

0

µ

0 �F (g(µ
0); ⇣F /µ

02)

)
F

Tail

f/p1
(x

1

,kt;µ⇤(kt), ⇣F ) . (23)

We have reformulated Eq. (20) as a pair of coupled partial integro-di↵erential equations, the advantage of this being
that general solutions to Eq. (23) for F

Tail

f/p1
(x, kt;µ⇤(kt), ⇣F ) in terms of FTail

f/p1
(x, kt;µ⇤(kt), µ⇤(kt)2), are relatively

easy to determine. They can then be used in Eq. (22) to obtain an evolution equation purely for FCore

f/p1
(x

1

,kt;µ, ⇣F ).

Since we plan to calculate the large kt behavior of Ff/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)2) directly from perturbative QCD
with small ↵s(µ⇤(kt)), we look for solutions that obey the boundary conditions,

F

Tail

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)
2) !F

Coll

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)
2) For kt ⇠ Q (24)

F

Core

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)
2) !0 For kt ⇠ Q (25)

F

Tail

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)
2) !0 For kt . kt,min (26)

F

Core

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)
2) !Ff/p1

(x
1

,kt;µ⇤(kt), µ⇤(kt)
2) , For kt . kt,min (27)

where F

Coll

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)2) is the TMD PDF calculated to a given order of perturbation theory in collinear
factorization. It depends only on the collinear PDFs and finite coe�cient functions that do not contain any large
logarithms in either the large Q or the large kt limits. We impose Eqs. (24-27) by writing F

Tail

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)2)
as

F

Tail

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)
2) = ⌅F (kt/km)FColl

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)
2) , (28)

where ⌅F (kt/km) is a scale-independent function that approaches one for kt & km and rapidly approaches zero for
kt . km. Then from Eq. (21),

F

Core

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)
2) = Ff/p1

(x
1

,kt;µ⇤(kt), µ⇤(kt)
2)� ⌅F (kt/km)FColl

f/p1
(x

1

,kt;µ⇤(kt), µ⇤(kt)
2) , (29)

and the boundary conditions in Eqs. (24-27) are satisfied.
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